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Abstract--In the present paper an asymptotic solution of initial problem for disturbances of laminar Row 
obtained in [8] is employed for analysis of autooscillations. 
Numerical calculation has shown that there are two autooscillating regimes at values of the wave 
number [I with the range 0.9649 G a G 1.0765 in subcritical region. The first regime is a well-known unstable 
limit cycle, and the second one is a stable autooscillating regime coming from the beyond-critical region. 
Cycles interflow at some critical value of the supercriticity parameter 8,. The nonlinear critical value of 
Reynolds number R”(a) corresponds to this value. 
All disturbances are quenching at values of (1, R lying to the left of nonlinear neutral curve. There exist 
critical amplitudes A,(cr,R) in the region between nonlinear and linear neutral curves. Increasing dis- 
turbances are stabilized at amplitude values equal to A?(@, R). Within the linear neutral curve all 
disturbances increase up to the amplitude AZ(cr, R). 
The study of initial stage of transition from a laminar flow regime to a turbulent one is a matter 
of paramount importance for the turbulence mechanism understanding. At present only the 
linear theory of hydrodynamic stability is well-developed. It allows to calculate the so-called 
critical values of Reynolds number R,,, i.e. the values beginning from which the infinitesimal 
disturbances of a main flow increase with the time. 
However, as it is stated experimentally, Reynolds numbers that govern the transition to the 
turbulent flow regime differ considerably from Ro. Therefore, the results of linear theory are 
only of auxiliary importance for the nonlinear analysis when studying the transition from 
laminar flow to turbulent one. 
More or less strict consideration of hydrodynamic stability with regard for the nonlinear 
terms of Navier-Stokes equations was initiated by Landau in the paper[ l] where the qualitative 
nonlinear equation for the disturbance amplitude has been proposed in the form 
Here y is the linear increment of amplitude growth. The coefficient x should be determined 
somehow from Navier-Stokes equations. 
In the paper by Stuart[Z], the equation similar to (1) was obtained from Navier-Stokes 
system of equations under assumption of the smallness of y coefficient. Using the idea of the 
paper (21, Reynolds and Potter calculated numerically the values of x for a plane Poiseuille flow 
at the wave number cy and Reynolds number R lying on the neutral curve of hydrodynamic 
stability. 
Their method suffers from shortcoming of its validity only for the neutral curve conditions 
and moreover, the coefficients at A6 and more higher degrees A in (1) are multivaluedly 
determined. To determine these coefficients, the Fredholm’s alternative is used that results in 
entering of several functions in expressions at more higher degrees of A than A4. These 
functions are determined with accuracy up to the linearized equation eigenfunction multiplied 
by arbitrary constant. In the paper [3) this constant remains indeterminate. 
The recent paper by Itoh[4] in which the attempt has been made to obtain the suitable 
solutions for flows not possessing the linear neutral curve (for example, a plane Cuette flow) is 
related with this group of papers. 
The paper by Benny and Bergeron[S] has given an impetus to a new approach in the 
nonlinear stability theory development-the method of a nonlinear critical layer. In this method 
within the flow region it is isolated some layer where a particular nonlinear solution of 
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Navier-Stokes equations is considered as a main approximation. It is joined with the linear 
solutions that satisfy the boundary conditions. 
In all above papers the solutions are obtained in the form of polynomial series. The 
problems of these series convergence or the asymptotical behaviour were not under con- 
sideration. Hitherto there are no sufficiently exact experimental data confirming that or other 
theory. 
Mathematically strict papers, for example, by Yudovich[6], Joseph and Sattinger[7] belong 
to another group. The conditions of branching of nonlinear autooscillating regimes from the 
main flow are in question. The convergence of obtained series is proved at R-number values 
lying in some vicinity of a critical value of linear stability theory. The stability of autooc- 
cillations is also under study. Besides the results of papers [6,7] hold for the flows in arbitrary 
spatial bounded regions where only the two-dimensional flows were considered in papers[?A]. 
In the present paper the nonlinear aevelopment of disturbances i studied with the help of 
solutions obtained in the paper by Scobelev and Struminsky[B]. The solution of initial problem 
is looked for the form of series with respect o two parameters: the initial amplitude and the 
supercriticity parameter 6= (II&) - (l/R) where RO is the linear critical value. 
A simultaneous usage of two parameters for expansion has provided a possibility to 
generalize the results of papers[3] and [6]. On one hand it was obtained, as in[3], the 
dependence of disturbance amplitude on the time, on the other hand, as in[6], the results hold 
not only at the critical value R,,, but also in some vicinity. Expressions for equilibrium regime 
amplitudes coincide with results of the paper [h]. 
It has been proved that the series obtained are asymptotical approaches of the exact 
solution and the series describing the limit cycles converge in some vicinity of Ro. 
1. The paper[B] deals with some class of two-dimensional flows. In particular, it contains 
flows that are periodical with respect to x coordinate with restricted fundamental region of 
spatial periodicity 
R={x,y: osxsx; yl~y~yz}. 
Further it was assumed that the linear boundary-value problem has two simple real values 
+oo at R = R. and the numbers nwo(n is the integer, nf + 1) are not the eigenvalues of the 
problem (1.1) 
iwAcp - L(R)9 = 0, cp E W. (1.1) 
Operator L(R) is defined in (1.4), W is the set of functions satisfying specific homogeneous 
boundary conditions. 
In the paper by Scobelev[9] it has been proved that these statements hold for all the neutral 
curve of plane Poiseuille flow with the exception of no more than countable set of points. 
Under these assumptions in[B], it was obtained the solution of initial value problem for the 
disturbance stream function in the form of series with respect o two parameters A and 6. 
(1.2) 
where A(&) = A e*l, d,, are the periodical functions of (I with periodicity 3-a. 5, and & are 
so-called “slow” and “fast” times, respectively. They are associated with physical time by 
means of equations 
(I.31 
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0 is the initial phase. &, is determined from the recurrent set of equations 
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(1.4) 
J/o(y) is the stream function of the laminar flow. &< should satisfy homogeneous boundary 
conditions corresponding to a specific problem. 
Besides the conditions of normalization should be implemented 
I 
2n 
blo = u(x, y) e+ + u*(x, y) emi% v*Audxdy=l; v* e-itzA& d& dx dy = 0 
n 
(1.5) 
at n # 1, sf 0. Here u(x, y) is the eigenfunction of the problem (1.1) at R = Ro, w = too and 
u(x, y) is the eigenfunction of the problem conjugated to (1.1) in L2. 
Constants b,,, c,,, ‘ys and w, (at s > 1) are looked for from conditions of the set (1.4) 
solvability 
ewit2u*f, d& dx dy = 0. (1.6) 
The third condition of normalization in (1.5) guarantees the uniqueness of constant deter- 
mination and is a necessary one for the asymptocity of expansions obtained. This condition is 
not present in[3]. 
The above results of the paper[8] enable us to analyse the conditions of existence of two 
limit cycles of the equation for the stream function of disturbance qualitatively. Multiplying 
both parts of the equation (1.3) by A e5 1, we obtain the equation for the disturbance amplitude 
~3" + 2 f: A”S”b.,). 
n=l s=o (1.7) 
Amplitudes of the limit cycles are determined from the condition of right-hand side (1.7) 
equality to zero: 
(1.8) 
If we restrict ourselves to the first approach with respect to S and AZ in (1.8), then the 
amplitude of secondary regime can be expressed in the form: 
Ao2 = - y,Slbzo. (1.9) 
This solution corresponds to expression for square of the equilibrium regime amplitude 
obtained in[6]. The solution (1.9) is a good approximation of the exact solution when the 
coefficient bzo is sufficiently large. However, as the numerical calculations for both Blasius and 
Poiseuille flows show (see, for example [ lo], [ 1 I]) there is a point on the neutral curve of the 
linear theory of stability that is characterised by bzo = 0. Hence in some vicinity of this point the 
terms of following orders with respect to 6 and A* in equation (1.8) should be taken into 
consideration. 
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It has been shown in[12] that in this case two autooscillating regimes may exist simul- 
taneously. 
Let us consider the equation 
y, 6 + ~26’ + (ho + b2,6)A' + &,A4 = 0. (1.10) 
Let A* = z. The solutions (1.10) have the form: 
ZI=$ [bz0+b~,S=~((b~~+b~,6)'-4b~(y,S+~?~'))] 
40 
(1.11) 
Z? = -$ [b?clf 6216 + V((b?, + b& -4b40(y,6 + @))]. (1.12) 
40 
As only the positive real values of z have the physical sense, the implementation of 
conditions is required for existing two limit cycles 
(1.13) 
(The first of conditions (1.13) provides the smallness of both solutions). 
When using the equation (1.7), it is easy to show that zI is the square of unstable 
autooscillating regime amplitude and z?- of stable one. 
At values of 6 satisfying the equation 
(1.14) 
both cycles interflow. 
If yI f 0, then there 
If yl = 0, then both roots of equation (1.14) can have small real values. In this case the 
(b?O + bZ,S)* = 4b4o(y,8 + y#) 
is only unique small solution of equation (1.15) 
dependence of limit cycle amplitudes on 6 can form a closed curve. 
At S = 0 one of the solutions (l.ll), (1.12) vanishes and the other equals to lbZO]/]b40(. At the 
point of interflow the amplitudes of autooscillations are equal to A, = A? - ( 1/~2)(lb201/)b40))“~, 
i.e. by q/z times less than the amplitude at S = 0. 
If the small solution of equation (1.14) 6, is less than zero, then the nonlinear critical value 
of Reynolds number RH corresponds to this value of the parameter 6, = (l/R,) - (l/R,). At the 
values R < RH all disturbances quench, i.e. the flow is stable with respect o disturbances of 
finite amplitude. 
2. As one can see from the foregoing, the existence region of two autooscillating regimes 
and their stability are determined by numerical values of coefficients in equation (l.lO), in 
particular, by the coefficient at A4. Numerical calculation of this coefficient for plane Poiseuille 
flow at some values of the wave number Q and Reynolds number R was carried out in[13]. 
Expansions obtained in[3] were employed in this paper. As it has been stated above, these 
expansions do not guarantee the onevalued etermination of the coefficient at A4. Its values is 
dependent on the employed scheme of numerical calculation. Moreover, it is necessary to 
calculate the coefficients in the amplitude quation of the paper[3] at each value of R number 
whereas in equation (1.10) the coefficients are calculated only at R = R. that is considerably less 
expensive in computer time for determination of the dependence of A on R. 
In the present paper the numerical solutions of recurrent system (1.4) and equation (1.10) 
were under study for the flow in a plane duct. 
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Coordinates of the duct walls were y1 = 0 and vz = 2. the laminar flow velocity UC, = y(2- y) 
that corresponds to the choice of the value 
as Reynolds number, where h is the height of duct, U,,, is the value of flow velocity at the duct 
axis, v is the kinematic viscosity. 
The periodical with respect o x solutions of the system (1.4) were considered on account of 
the periodicity of longitudinal coordinate 27r/cu. Setting n = 1, s = 0 in (1.4), one can obtain that 
&iO is the solution of homogeneous equation. Without imposing restrictions on generality & 
can be presented in the form: 
410th Y, 52) = e i(a*+*l)f(y) + C.C. 
We obtain the Orr-Sommerfeld’s equation for f(y) 
i[cw0+a~o,(~-,2)-,U~Jf-~(~-a2)if =O. (2.1) 
Even eigenfunctions (2.1) should satisfy the homogeneous boundary conditions 
f(0)=f’(0)=f’(1)=f”‘(1)=0. (2.2) 
The eigenvalue problem (2.1), (2.2) determines the real meanings of the coefficient w. = 
wo(a, Ro). 
The solution of conjugated problem V(X, y) that was employed in (1.5) has the form: 
0(x, y) = e”“+(y) + c.c. 
where 1,9(y) can be obtained from the equation 
and boundary conditions (2.2). 
It is easy to show that at the mentioned above choice of +io(x, y, &) the function &(x, y, t2) 
has the form 
4&, Y, 52) = 2 eik(““+Z%kns,,,(y) 
k=-n 
(2.4 
at any values of n and s . (P-kn.r = (pL and in the sum (2.4) the only terms for which the condition 
k + n = 2m(m = 1,2,. . .) is implemented, iffer from zero. 
Substituting (2.4) in (1.4), one can obtain the system of equations 
(2.5) 
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. d 
-1 ( dj (Pk-in-m-l 
- m$y’)[(k + j$$ iFLm..i)(-$-(k + j,2&)(Ek+,.m., 
+jqikn-m.s-c dy dy2 d (~-(k+j)~a’)~k~j.~.~]‘.M.‘~~k’[j(~~k~j~n__~i,)(~-j2~~)~~, 
+(k + j)(Pk+j,n-m.s-, -& (-$ - j2a2) q$]) 
where 6ij is the Kronecker symbol. 
Functions (Pkns should satisfy the following boundary conditions 
(Pkns@) = &m(O) = 0 
cp;,,(l) = cp~&(l) =0, if n odd 
&,,(l) = pkns(l) = 0, if n even. (2.6) 
At n = 1 from (2.5) we obtain the system of equations for (pIIs determination (sz 1) 
i[(,n+aUn)(~~-a’)-aUg]~ll,-~(~-a’)2ip,,, 
= _($_a2)2 a,,,~-l-(a+i~~)(~-a2)f_ 
s-l -C(ai+iw,-,)(~-a’)~,,i. 
/=I (2.7) 
The condition of solvability (1.6) allows to determine consecutively all ys and of coefficients 
(2.8) 
The uniqueness of ys and W, determination is guaranteed by the requirement 
[iL*($-a’)qll,dy=O, sf0, 
which follows from the condition of normalization (1.5). 
Substituting the values obtained ys and W, in (2.5) at n 2 2 and solving consecutively this 
system, one can compute the coefficients b,, and c,,. It is easy to show that only the coefficients 
with even values of n are different from zero. Coefficients b,, and c,~ may be determined from 
the condition of solvability of equation (2.5) for the function (P~.,,+~.~ 
where F1.,+,,s i the right-hand side of the equation for (P~.~+I,~ without the first term. 
The normalization condition 
(2.9) 
provides for the uniqueness of b,, and c,, determination. 
, ’ 
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In the present paper the numerical calculation of yS, CU.?, b,,, ens coefficients (at n d 4, s 5 2) 
at various points of the neutral curve was carried out. The eigenfunction of Orr-Zommerfeld 
equation f(y) was normalized so that f( 1) = 1. 
It was stated that bzo = 0 at a0 = 0.9066. The solutions of eqn (1.10) were obtained within the 
range of wave numbers 0.9649 s a s 1.0765. The examples of autooscillating regime amplitude 
dependences on R at three values of a: a = 0.9649, cr = 1.0207 (a “noze” of linear neutral 
curve) and a = 1.0765 are plotted in Figs. 1-3. 
4002 5002 6002 7002 
Alpw-1).M4# Ro-B#‘S.-...J# 
Ru-56MM At-4i6i6 
Fig. 1. 
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As one can see from graphs that there are two autooscillating regimes in the subcritical 
domain: unstable one with the amplitude A, and stable one with the amplitude A?. These limit 
cycles interflow at the nonlinear critical value of Reynolds number R&(Y). Autooscillating 
regimes do not exist in the region of values R < RH and all the initial perturbances quench. At 
RH G R s R. there is the critical amplitude A,(a. R). If the initial disturbance amplitude is 
A > Ada, R), then the disturbance amplitude increases up to the value Az(q R). At R > R. the 
amplitudes of all disturbances increase up to A?(cY, R). 
To verify the obtained results, the equation was solved for the amplitudes accounting for 
additional terms of expansion with respect to S in (1.10) 
y,6 + y#+ (bzo + bz,6 + b&)A’ + (by) + b4,S)A4 = 0. (2.10) 
Results of obtained solutions are presented in Figs. 4-6. As one can see from the 
comparison of Figs. l-3 and 4-6, the values of RH are in a good agreement with results 
obtained in ( 1.10). The discrepancy does not exceed 3%. The coincidence of critical values AK 
of autooscillation amplitudes, i.e. the amplitudes at R = RH has proved to be worse. The 
discrepancy increase with decrease of (Y from 5% up to 25%. It can be explained by the reason 
that the coefficient b, decreases with decrease of cr. Therefore at (Y < 0.9649 it is necessary to 
account for the terms -A” and may be for higher orders with respect to A in equation (1.8) that 
can result in the appearance of new autooscillating regimes. 
Calculations have shown that bN = 0 at (Y lying within the range 0.936 < (Y < 0.946. 
At cy = 1.0903 the graph of the equation (1.10) solution is similar to the graph in Fig. 3, while 
the dependence of the equation (2.10) solution on R is qualitatively different: the limit cycles do 
not interflow for this equation, i.e. RH does not exist. It means that at (Y > 1.0765 the value S, 
which corresponds to RH exceeds the radius of series convergence obtained in[8]. The estimate 
2.457 . 1o-s < 60 < 2.9 * lo-’ 
is obtained for the radius of convergence. The nonlinear neutral curve RH(a) for values (Y lying 
within the range 0.9649 s Q s 1.0765 was also computed. It is shown in Fig. 7. 
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